One-dimensional wave equation analyses for pile responses subjected to seismic horizontal ground motions  by Chang, Der-Wen et al.
The Japanese Geotechnical Society
Soils and Foundations
Soils and Foundations 2014;54(3):313–328http://d
0038-0
nCor
fax: þ8
E-m
Peerx.doi.org/
806/& 201
respondin
86 2 262
ail addre
review unwww.sciencedirect.com
journal homepage: www.elsevier.com/locate/sandfOne-dimensional wave equation analyses for pile responses subjected
to seismic horizontal ground motions
Der-Wen Changa,n, Shih-Hao Chengb, Yin-Lun Wangb
aDepartment of Civil Engineering, Tamkang University, Tamsui, New Taipei City 25137, Taiwan
bFormer Research Assistant, Department of Civil Engineering, Tamkang University, Tamsui, New Taipei City 25137, Taiwan
Received 6 March 2013; received in revised form 23 August 2013; accepted 8 December 2013
Available online 9 May 2014Abstract
This paper presents a numerical one-dimensional wave equation analysis technique for piles and pile groups subjected to seismic horizontal
ground motions in liqueﬁable zones. The so-called Earthquake Wave Equation Analysis for Piles (EQWEAP) procedure is introduced for piles
subjected to horizontal earthquake excitations. Disregarding the effects of kinematic soil–pile interaction, the seismic responses of piles can be
obtained by approximating the free-ﬁeld ground response analysis, the ultimate earth pressure model, and the ground displacement proﬁles.
The nonlinearities of the concrete piles were modeled using the approximate tri-linear moment–curvature relationships. A case study and
application concerns were presented. Although the analysis is in one dimension, it is found to be effective and able to provide a rapid estimation
in foundation design when seismic pile behaviors are of interest. The advantages of this analysis are the time efﬁciency of the seismic design of
pile foundations and the relative simplicity of the analysis. In addition, it suggests alternative modeling for the dynamic analysis adopting the
commonly known static models and/or methods.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The seismic responses of piles during earthquakes have been
studied extensively over the past few decades. The whole soil–
pile structural system can be analyzed utilizing rigorous
numerical techniques such as the Finite Element or the10.1016/j.sandf.2014.04.018
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der responsibility of The Japanese Geotechnical Society.Boundary Element method. For simpler and more convenient
solutions, Winkler's foundation model is often adopted in
design practice. To resolve the pile responses during earth-
quakes, a simpliﬁed two-step uncoupled procedure, that
disregards kinematic soil–structure interaction, has been sug-
gested. In this procedure, the free-ﬁeld ground motions caused
by the earthquake are ﬁrst obtained. The ground displacements
are then applied to the piles to solve the corresponding pile
displacements. Vertical and horizontal displacements of the
piles can be analyzed separately without the inﬂuence from
torsion. Fig. 1 illustrates the scheme of the uncoupled analysis.
In general, such analyses can lead engineers to ﬁnd pseudo-
static solutions for pile responses. The ground displacements
obtained at arbitrary times can be treated as a prescribed
displacement proﬁle and can be solved for the pile displacements.Elsevier B.V. All rights reserved.
Fig. 1. Schematic layout of two-step procedure for the seismic analysis of pile foundations.
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D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328314This pseudo-static modeling can be found in the work of Arduino
et al. (2005), Liyanapathirana and Poulos (2005), and Lin et al.
(2005) using the static analyses of the Winkler foundation model.
Such an analysis allows engineers to ﬁnd the pile response at a
speciﬁc time during an earthquake. On the other hand, a real
dynamic solution for the pile responses has been suggested by
Boulanger et al. (1999, 2003) and Brangenberg et al. (2007) using
the dynamic Winkler foundation model. A ﬁnite element (FE)
structural analysis was implemented and it has been used
extensively for bridge pile foundations in California, USA.
Alternative dynamic solutions have been suggested by the
authors (Chang et al., 2001; Chang and Lin, 2003; Chang and
Lin, 2006) to solve the seismic responses of piles. Instead of
FE schemes, explicit ﬁnite-difference schemes were ﬁrst
suggested to solve the wave equation of the pile. This
procedure was called Earthquake Wave Equation Analysis
for Piles (EQWEAP). For large earthquake excitations, where
soil liquefaction and lateral spreading occurred, a number of
soil models were created (Chang et al., 2007a,b, 2008a, b, c).
In general, the approaches can include either one of the
following models: (1) soil parameter reduction coefﬁcient
(SPRC), (2) excess pore-water-pressure (EPWP) model, (3)
direct pseudo-dynamic earth pressure, and (4) indirect pseudo-
dynamic earth pressure. Fig. 2 presents the numerical schemes
of these solutions. The alternate forms of the analysis are
discussed as follows.
The objectives of this paper are to introduce the EQWEAP
analysis and to present the numerical details of such a technique
on piles and pile groups subjected to seismic horizontal groundmotions in liqueﬁable zones. The scope is of importance in
engineering practice for the design of pile groups in seismically
active zones with saturated loose granular media.2. Wave equation analyses
2.1. Method 1
For a single pile subjected to horizontal ground motions, the
equilibrium of the pile segments is shown in Fig. 3. The force
terms used in the Winkler Foundation model (Reese and
Van Impe, 2001) can be incorporated with the inertia forces
of the pile to form a dynamic equilibrium. The dynamic
resistance of the soil can include both spring and damping
forces. The governing wave equation can be written as follows:
EPIP
∂4upðz; tÞ
∂z4
þρPAP
∂2upðz; tÞ
∂t2
þPo
∂2upðz; tÞ
∂z2
þCs
∂uðz; tÞ
∂t
þKsuðz; tÞ ¼ 0 ð1Þ
where EP is Young's modulus of the pile, IP is pile's moment of
inertia, ρP is the mass density of the pile, AP is the cross-section
area of the pile, Po is the axial load of the pile, up is the absolute
horizontal pile displacement, us is the absolute horizontal soil
displacement, u¼ upus is the relative pile displacement, Cs
and Ks is the damping coefﬁcient and the spring constant of the
soil along the pile, respectively, z is the depth, and t is the time.
Using the central difference formula (explicit scheme), the
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Fig. 3. Equilibrium conditions of the pile segments.
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328 315discrete form of Eq. (1) can be written as
up i; jþ1ð Þ ¼
1
C1þC3

upðiþ2; jÞþð4C2Þupðiþ1; jÞð62C12C2þC4Þ
upði; jÞþð4C2Þupði1; jÞupði2; jÞðC1C3Þ
upði; j1ÞþC3½usði; jþ1Þusði; j1ÞþC4usði; jÞ
0
B@
1
CA
ð2Þ
where C1 ¼ AΔz4=V2c IPΔt2, C2 ¼ PoΔz2=EPIP, C3 ¼ CsΔz4=
2ΔtEPIP, and C4 ¼KsΔz4=EPIP. Note that i is the ith nodal
point along the pile and j is the jth step of the time-dependent
solution. Vc is the axial wave velocity of the pile,
Vc ¼ ðEP=ρPÞ1=2. Δz and Δt are the thickness of the pile
segment and the time increment, respectively. Note that Eq.
(2) is an independent equation. It can be used to calculate the
pile nodal displacements from top to bottom and to march
progressively at the time steps. Previous solutions are used to
solve the new ones. The stability of the solutions requires
caution.
In Eq. (2), the model for the soil spring constant needs to be
chosen carefully. A time-dependent damping model (Chang
et al., 1999, 2000) is adopted in the analysis. The modeling can
include the effects of the pile-to-pile interaction on the soil
springs and the dashpots (Chang et al., 2009). A lumped mass
(LM) model was adopted to simulate the free-ﬁeld ground
motions of the earthquake. For soil layers under horizontal
earthquake excitations, the governing equations can be easily
formed by a shear beam. Using a time-domain integration
method, the ground responses can be solved. A baseline
correction procedure is adopted to obtain the proper displace-
ment time-histories.2.2. Method 2
An alternate equation can be found if the earth pressure
arising from the ground motions is provided (Chang et al.,
2007a,b, 2008a,b,c ). In that case, Eq. (1) can be rewritten as
follows:
EPIP
∂4upðz; tÞ
∂z4
þρPAP
∂2upðz; tÞ
∂t2
þPo
∂2upðz; tÞ
∂z2
¼ pðz; tÞ ð3Þ
where p is the seismic earth pressure (units in F/L). The term
p(z,t) is equivalent to the damping and spring forces expressed
in Eq. (1). The corresponding ﬁnite difference expression is
upði; jþ1Þ ¼
1
C2

upðiþ2; jÞþð4C2Þupðiþ1; jÞ
þð2C1þ2C26Þupði; jÞþð4C2Þupði1; jÞ
upði2; jÞC1upði; j1ÞþC5
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ð4Þ
where C5 ¼ pðz; tÞðΔzÞ4=EPIP; other variables are the same as
in the previous equations. Note that the earth pressure along
the pile expressed in Eqs. (3) and (4) needs to be multiplied by
the pile diameter or half of the pile periphery in order to result
in units of F/L.2.3. Method 3
Similarly, if the seismic ground displacements are pre-
scribed, the modulus of horizontal subgrade reaction kh can
be used in the following equation to compute the correspond-
ing earth pressure (Chang et al., 2007a,b, 2008a,b,c). Eq. (1)
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2D PLAXIS analyses of 1995 Kobe Earthquake.
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EPIP
∂4up z; tð Þ
∂z4
þρPAP
∂2up z; tð Þ
∂t2
þPo ∂
2up z; tð Þ
∂z2
¼ βkh f ðz; tÞupðz; tÞ
  ð5Þ
where f is the prescribed ground displacement, β is the
correction ratio for soil nonlinearity, and kh is the modulus
of horizontal subgrade reaction (units in F/L2), which can be
obtained from Py relationships (Reese and Van Impe, 2001);
for instance, kh ¼ kchD for OC clay and kh ¼ nz for NC clay or
sand, where kch is the coefﬁcient of the subgrade reaction and
n is the constant of the subgrade reaction. Note that kh in
Eq. (5) is indeed dependent on the relative displacement
between the soil and the pile and/or the depth of the soil.
The suggestion of using kh and the ground displacement
proﬁles is similar to the suggestion by Ishihara and
Cubrinovski (2004). Instead of employing the suggestion, the
value of kh could be computed as the secant stiffness from the
nonlinear py equations. For simplicity, the current study
ignores the effects of the relative displacements. The corre-
sponding FD formula can be derived as follows:
up i; jþ1ð Þ ¼
1
C1

up iþ2; jð Þþ 4C2ð Þup iþ1; jð Þþð2C1þ2C2C66Þ
up i; jð Þþ 4C2ð Þup i1; jð Þup i2; jð ÞC1up i; j1ð Þ
þC6f i; jð Þ
0
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In the above equation, C6 ¼ βkhðΔzÞ4=EPIP; the other vari-
ables are deﬁned as before. Note that ground displacement
proﬁles f, expressed in Eq. (5), are not the same as the us used
in Eq. (1). In Eq. (1), us needs to be calculated from a free-ﬁeld
ground response analysis. In Eq. (5), f is presumed from the
empirical formulations (e.g., the ones proposed by Tokimatsu
and Asaka (1998)).
With the given superstructure loads, the pile displacements
are solvable from all these equations. The proper boundary
conditions must be considered. In general, the pile head is
allowed to move horizontally, and it can rotate with the
assumptions of either rigid restraint (ﬁxed connection) or free
restriction (hinge connection). Moment and shear will dis-
appear at the bottom of relatively deep piles. For short piles,
the displacement restraints at the pile tip need to be carefully
modeled. The corresponding equations affected by the bound-
aries are summarized in Appendix A. In each method, the
generalized equations are repeatedly used for interior nodes not
affected by boundary conditions, while others are used for
nodal points around the boundaries. In total, ﬁve independent
equations are suggested. Since no matrix analysis is required
for the solutions, the analysis can be completed rapidly.
To ensure the stability condition, at least 10 nodes are
recommended for the pile. Fig. 4 depicts the consistent linear
elastic solutions obtained at the ground surface for the ground
and the single pile responses from EQWEAP using Eq. (2) and
the 2D PLAXIS analysis with a plane-strain assumption on data
for the 1995 Kobe Earthquake. Details of the study can befound in Wang (2012), and similar details given for compar-
ison between EQWEAP and the 2D ABAQUS analysis with a
plane-strain assumption can be found in Lin (2007).3. Modeling of soil liquefaction
To analyze the effects of large ground motions on saturated
sands where soil liquefaction and lateral spreading may occur,
alternate approaches are suggested.3.1. Approach 1: use of a soil parameter reduction coefﬁcient
(SPRC)
In this approach, a liquefaction potential analysis must be
conducted prior to the free-ﬁeld ground response analysis.
Following the suggestion of the Japan Road Association (JRA,
1996), the safety factors for soils against liquefaction, FL, were
obtained to determine the soil parameter reduction coefﬁcients,
DE (see Table 1). The reduction coefﬁcients are applied to
reduce the soil spring constant of each layer, i.e., DEGA/h
(where G is the shear modulus of the soil, A is the cross-
section area of the soil layer which can be treated as the unit
area, and h is the thickness of the soil layer) to form the whole
structural stiffness of the ground site. This approach will result
in a post-liquefaction analysis. To obtain the corresponding pile
responses, Eq. (2) is suggested. One can model the soils using
rational soil spring constants with a time-dependent damping
model. For nonlinearity ratio β, used in Eq. (6), reduction
coefﬁcient DE could also be used for the approximation.
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Table 1
Relationships between the safety factors against liquefaction and the soil
parameter reduction coefﬁcient (JRA, 1996).
Safety factor FL Depth Z (m) Reduction coefﬁcient DE
Rr3.0 0.3oR
FLr1/3 0rZr10 0 1/6
10oZr20 1/3 1/3
1/3oFLr2/3 0rZr10 1/3 2/3
10oZr20 2/3 2/3
2/3oFLr1.0 0rZr10 2/3 1
10oZr20 1 1
Note: FL: factor of safety against liquefaction from liquefaction potential analysis.
R: Cyclic strength ratio of the soil.
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328 317Modulus of subgrade reaction kh, used in Eq. (6), can be treated
as Ks in Eq. (2).
3.2. Approach 2: excess pore water pressure (EPWP )
modeling
For more rigorous solutions, the excess pore-water pressures
(EPWP) of the soil should be simulated during the shaking.
For a one-dimensional study, there are many soil models
available to describe the stress–strain behaviors of soil
liquefaction. For simplicity, Finn et al. (1977) model was
adopted by the authors to model the free-ﬁeld ground motions.
More recent work used the suggestion of Byrne (1991) to carry
out the analysis. In addition, the model for the shear modulus
of the soil suggested by Seed and Idriss (1970) was adopted to
account for the effective stress and the shear strains within the
layers. Therefore, the soil stiffness was able to be adjusted
throughout the analysis. Fig. 5 presents the predicted excess
pore pressure excitations from Finn's model and Byrne's model
with those from CYCLIC-1D (Elgamal et al., 2002). All of thepredictions agree reasonably well with each other. Eq. (2) is
used to solve the pile responses.
3.3. Approach 3: direct and indirect pseudo-dynamic earth
pressure modeling
For more convenient simulations using prescribed ground
pressures, one may consider the suggestion made by JRA
(1996). According to JRA, the ultimate earth pressures acting
on a pile in the crust (not liqueﬁed, NL) and the liqueﬁed zone
(L) during an earthquake can be respectively written as
qNL ¼ cscNLKpγNLz ð0rzrHNLÞ
qL ¼ cscLfγNLHNLþγLðzHNLÞg ðHNLrzrHNLþHLÞ
(
ð7Þ
where Kp ¼ 1þ sin ϕ=1 sin ϕ and γNL, γL, HNL, and HL
are the unit weight and the thickness of the layers. Note that
coefﬁcients cs, cNL, and cL must be determined according to
the distance of the waterfront, the liquefaction potential index,
PL, and engineering experience. This model can be regarded as
a direct approach. For a pile shaft underneath the liqueﬁed
zone, the pile can be regarded as rigid (no displacement) or
ﬂexural. If the underneath pile is ﬂexural and its displacements
are to be solved, the earth pressure of the underlying soil can
be modeled by Eq. (8), or simply taken as zero assuming the
long pile condition (shear force vanishes at the bottom of the
pile). Both solutions are able to give zero pile displacement at
the pile tip. On the contrary, if the earth pressure of the
underlying layer increases with depth, then the pile will deform
slantwise. In that case, the largest pile displacement will be
found at the pile tip (Lin, 2007).
qNLunderlained ¼ qLexpðzþHNLþHLÞ ðzZHNLþHLÞ ð8Þ
For dynamic applications, a time-dependent equation is
suggested by the authors, with a time-dependent normalized
displacement function HðtÞ.
qðz; tÞ ¼ qðzÞHðtÞ; HðtÞ ¼
ZZ
aðtÞ
amax
dt=Hpeak ð9Þ
where HðtÞ is the normalized time-dependent function of
displacements, a(t) is the acceleration at the ground surface,
amax is the peak ground acceleration, and Hpeak is the peak of
the integral. A pseudo-dynamic earth pressure model is thus
established. In this modeling, the dependence of the seismic
earth pressure on depth is fully ignored. This approximation
will yield an overestimation of the pile response. Fig. 6
presents the a(t) and correspondent HðtÞ functions from the
1995 Kobe Earthquake. Other models, such as those suggested
by Zhang et al. (1998) and Tokimatsu (2003) could be
considered. The model may be modiﬁed for 3D pile geometry
and pile-to-pile interactions, as suggested by Reese and Van
Impe (2001) for Py relations. However, ignoring the 3D pile
geometry would provide a conservative prediction.
Eq. (9) is suggested to extend the use of the JRA model on
earth pressures for the dynamic analysis using Eq. (4).
It adopts an assumption that the dynamic ground forces can
be proportional to the ground displacements. A normalized
Lateral pressure (kN)
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D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328318time-dependent displacement curve is suggested for the
possible expression. The suggestion extrapolates the JRA
ultimate earth pressures with the approximate oscillating
time-dependent function. It does not introduce any further
displacement terms to the JRA formula; therefore, no contra-
diction with the JRA code was intended. A typical earth
pressure proﬁle from the JRA method and the correspondent
ultimate pile displacements from the direct approach are
shown in Fig. 7. The lateral earth pressures above the bottom
line of the liqueﬁable layer are calculated from Eq. (7) wherethe earth pressure underneath the liqueﬁable layer is ignored
for simplicity.
The “cyclic” and/or “permanent” ground displacement
proﬁles suggested by Tokimatsu and Asaka (1998) may be
used for the indirect approach. These proﬁles were semi-
empirical formulations for static solutions. The “cyclic”
ground displacement proﬁle requires the integration of the
averaged cyclic shear strain of the soil in the liqueﬁed layer
and the crust where level ground exists. Horizontal ground
displacements are then computed from the bottom layer to the
surface. According to the suggested graphic chart, the cyclic
shear strain of the soil can be determined from the SPT-N
value and the cyclic stress ratio exerted on the soil. The
following equations were used by the authors to compute the
averaged cyclic stress ratio of the soil, τAVG/sv’, during the
earthquake; in contrast, the averaged shear strain of the soil,
γAVG, can be conveniently calculated by linear interpretation.
τAVG=s0v ¼ 0:65Dcamaxsv=gs0v ð10Þ
f ðxÞ ¼ 342x3457:1x2þ212:4x9:754 ðr2 ¼ 0:98 f or γ ¼ 0:5%Þ
f ðxÞ ¼ 391:1x3481:1x2þ202:3x8:958 ðr2 ¼ 0:99 f or γ ¼ 1%Þ
f ðxÞ ¼ 509:4x3521:8x2þ183:1x7:710 ðr2 ¼ 0:98 f or γ ¼ 2%Þ
f ðxÞ ¼ 897:8x3686:7x2þ180:3x7:034 ðr2 ¼ 0:97 f or γ ¼ 4%Þ
8>><
>>:
ð11Þ
In Eq. (10), τAVG is the averaged shear stress of the soil, sv0 is
the effective overburden pressure of the soil, sv is the total
overburden pressure, amax is the peak ground acceleration at
the site, g is the acceleration of the gravity, and Dc is the depth
correction factor (can be 1–0.015z suggested by JRA (1996)).
Then, in Eq. (11), x is the cyclic stress ratio of the soil and f(x)
is the corresponding corrected SPT-N value of the soil.
The cyclic stress ratio of the soil is computed using Eq. (10)
and then substituted into Eq. (11) to obtain the SPT-N values
for shear strains at 0.5–4%. The corresponding shear strain of
Table 2
Comparisons of alternate approaches to wave equation analyses for the liquefaction and lateral spread caused by large earthquakes.
Approach Procedures Applicability Keys and concerns
SPRC 1. LPA and DE
2. LMA for free-ﬁeld site
responses
3. WEA for pile responses
1. Level ground
2. Post-liquefaction w/ or w/o lateral spreading
3. True dynamic analysis
4. Time dependent or pseudo-static solutions resolved
1. Reliability of LPA method
2. Applications of DE
3. Selection of Ks, Cs
4. Nonlinear model of pile
EPWP
1. LMA for free-ﬁeld site
responses
2. WEA for pile responses
1. Level ground
2. Full analysis to monitor the liquefaction induced problem
(ﬂow and cyclic mobility/lateral spreading can be both
simulated)
3. True dynamic analysis
4. Time dependent or pseudo-static solutions resolved
1. Reliability of PWP model
2. Selection of Ks, Cs
3. Nonlinear model of pile
Direct EP
Indirect
EP
1. Using modiﬁed JRA earth
pressures
2. WEA for pile responses
1. Level ground
2. Post-liquefaction w/ lateral spreading considered
3. Pseudo dynamic analysis with ultimate earth pressures
applied
4. Time dependent or pseudo static solutions resolved
1. Reliability of the ultimate earth pressures
presumed
2. Reliability of HðtÞ
3. Pile–soil interactions underneath the
liqueﬁed zone
4. Nonlinear model of pile
1. Using modiﬁed Tokimatsu’s
ground displacement proﬁles
2. WEA for pile responses
1. Level ground
2. Cyclic and permanent ground displacements induced by
liquefaction and/or liquefaction induced lateral spreading
3. Pseudo-dynamic analysis with ground displacement proﬁles
applied
4. Time dependent or pseudo-static solutions resolved
1. Reliability of γAVG computed for cyclic
displacements
2. Reliability of the empirical equations and
parameters used for permanent displacements
3. Reliability of HðtÞ
4. Selection of kh, b
5. Nonlinear model of pile
LPA: Liquefaction Potential Analysis; LMA: Lumped Mass Analysis; WEA: Wave Equation Analysis.
Fig. 9. Approximation of tri-linear moment–curvature relationships for a
concrete pile.
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328 319the soil at a speciﬁc SPT-N value of the soil can then be easily
calculated.
The empirical formulas for “permanent” ground displace-
ments at the water front and the lateral spreading zone with
respect to thickness, length of the spread, and distance to the
water front can be found in Tokimatsu and Asaka (1998).
The ground displacements at any required site can be easily
computed when the lateral spread occurs near the water
bank. For dynamic applications, the pseudo-dynamic model
function of f(z,t) is similarly proposed by the authors as
follows:
f ðz; tÞ ¼ f ðzÞHðtÞ;HðtÞ ¼
ZZ
aðtÞ
amax
dt=Hpeak ð12Þ
This model uses the same time-dependent functions for any
soil along the pile regardless of its depth. Eq. (6) is used for
this approach. To illustrate this approach, the permanent
ground displacement proﬁle and the ultimate pile displace-
ments from the indirect earth pressure approach are shown in
Fig. 8. Table 2 summarizes the procedures and the main points
of these approaches. Approaches 3 and 4 approximate the
dynamic methods using the prescribed static earth pressures
and the ground displacement proﬁles from others. A normal-
ized time-dependent function could be obtained using the
acceleration records from a near-by seismic station.
The ground response data can be approximated from either
the available records or the presumed ones. These approaches
are similar to Approaches 1 and 2 for which the site
acceleration-time histories are either available or must be
presumed from past records.4. Nonlinearities of piles
For large earthquake excitations, nonlinear pile behaviors should
be considered. In general, the nonlinear moment–curvature rela-
tionships of the piles from both experiments and computational
models can be used. For concrete piles, the relationships can be
simpliﬁed as tri-linear lines where the concrete cracking moment
(Mcr), the bar yielding moment (My), and the pile ultimate moment
(Mult) are deﬁned (see Fig. 9). Kunnath and Reinhom (1989)
approximated the Bouc–Wen model with a simple equation for the
moment–curvature relationship of the concrete pile. It is written as
follows:
M ¼ αðEIÞφþð1αÞMyZ ð13Þ
where M is the moment, φ is the curvature, My is the rigidity
after the controlled yielding, α is the ratio of post-yielding to
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328320pre-yielding stiffness, and Z is the hysteretic component path
parameter.
If the moments of Mcr, My, and Mult and the curvatures are
known for certain piles, approximate constants α and Z can be
found for each line. Table 3 lists the parameters α and Z
calibrated from a number of experimental data for the moment
and curvature relationships of the concrete piles. Therefore,
Eq. (13) was conveniently adopted to model the nonlinear pile
analyses. The pile nonlinearities are also related to axial
compression, shear resistance, and the buckling of the pile.
The mechanism should thus be rather more complex than the
current form. In the current analysis, the curvatures of the pile
displacements were computed and substituted into Eq. (13) toFig. 10. Damage to pile (a) nos. 2 and (b) 9 in the pile foundation of oil tank TA
Source: from Ishihara and Cubrinovski 2004.
Table 3
Parameters α and Z calibrated from a number of experimental data for
moment–curvature relationships of the concrete piles.
Pile diameter (m) MoMcr McrrMoMy MyrMoMult
α Z α Z α Z
0.4 1.0 0.0 0.23 0.44 0.15 0.68
0.6 1.0 0.0 0.61 0.41 0.10 0.96
0.8 1.0 0.0 0.81 0.81 0.07 1.00
1.0 1.0 0.0 0.83 0.79 0.05 1.00
1.2 1.0 0.0 0.75 0.50 0.04 0.99
1.4 1.0 0.0 0.65 0.32 0.03 0.99
1.6 1.0 0.0 0.56 0.23 0.03 0.98
1.8 1.0 0.0 0.47 0.18 0.02 0.98
2.0 1.0 0.0 0.40 0.14 0.02 0.98calculate the moments. The ratios of moments and curvatures,
standing for EI values, were computed for each node and then
averaged for the next time step. This process is carried out
through the whole analysis unless the ultimate moment is
reached. In that case, the pile is broken.
With good control of the moment capacities and the
curvature relationship of the concrete pile to cover the concrete
crack, the yielding of the steel bar, and the plastic hinge
(failure) of the pile, the analysis can be used to understand the
mechanism of the failure of the piles based on moment and
shear during the earthquakes. Of course, the effects of other
inﬂuencing factors, such as compression, torsion, and perhaps
buckling, could be analyzed too for better comprehension.5. Case study on pile damage in 1995 Kobe equation
The pile damage reported by Ishihara and Cubrinovski
(2004) at the foundation of oil-storage tank TA72 located
20 m from the waterfront on Mikagehama Island, during the
1995 Kobe Earthquake, was analyzed. The tank had a diameter
of 14.95 m and a storage capacity of 2450 kl. It was supported
by 69 precast concrete piles, 23–24 m in length and 45 cm in
diameter. Lateral spread was found at this site. Deterioration of
the piles was shown by Ishihara and Cubrinovski, as seen in
Fig. 10.
Alternate EQWEAP analyses were carried out to model the
pile damage. The NS ground accelerations at the KJM-000
station (see Fig. 11) during the earthquake were used to model
the free-ﬁeld ground responses. A ﬁxed connection at the pile72 at Mikagehama Island in the 1995 Kobe Earthquake.
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was adopted for indirect analysis. Table 4 summarizes the
structural and the material parameters used in the alternate
analyses. To compare the dynamic solutions with the static
predictions of Ishihara and Cubrinovski (2004) and the ﬁeldTable 4
Structural dimensions and material properties used for alternate analyses in the cas
Soil layers Depth (m) γ (kN/m3)
Information of soils and pile used in numerical example
Masado soil 0–2 18
Masado soil 2–13 20
Silty sand 13–17 20
Silty sand 17–22 20
Fine sand and gravel 22–30 20
Approach Method/model parameter
Model parameters in use
SPRC 1996 JRA method used for LPA; Where CZ¼1.0, kho¼0.8,
JRA suggestions on DE, where 0–1 m, DE¼0.66; 1–2 m, D
EPWP Finn’s EPWP model where C1¼0.8, C2¼0.79, C3¼0.45, C
(100Dr)2þ0.0062; m¼0.43, n¼0.62, k2¼0.0028; Seed a
Gmax where K2,max¼ f(Dr); Byrne’s EPWP model where C1¼
(N1)
0.5, C2¼0.4/C1
Direct EP 1990 JRA speciﬁcation where HNL¼2.5 m, HL¼11 m, CS¼
Indirect EP Tokimatsu’s permanent, ground displacement proﬁles; wher
H¼11 m, x¼20 m, Zw¼2 m
Note: Empirical relationships of SPT-N and nh can be found in Johnson and Kava
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Fig. 11. Accelerograms recorded at seismic station KJM-000 during the 1995
Kobe Earthquake.observations, pile deﬂections when the maximum pile dis-
placement occurred were plotted in Fig. 12. The times when
the maximum pile displacement occurred are shown for the
solutions. All the dynamic solutions are found comparable to
the static prediction in terms of the largest pile displacement
and the shape of the deﬂection. Nevertheless, the piles in the
ﬁeld exerted different deformed shapes. The maximum pile
displacements were found at the pile tip, whereas the pilese study.
SPT-N Pile properties Quantity
10 EpIp kNm2
 
58,333
25 Mcr kNmð Þ 105
20 My kNmð Þ 200
30 Mu kNmð Þ 234
40 Vu kNð Þ 232
Spring and damper
khc¼0.8, FC¼5%, 1996
E¼1; 2–26 m, DE¼0.66
Spring: Ks¼nhx, Damper: Transformed damping
(Chang and Yeh, 1999)
4¼0.73; R¼0.00031
nd Idriss’s model of G/
7600(Dr)
2.5, Dr¼15
Spring: Ks¼nhx, Damper: Transformed damping
(Chang and Yeh 1999)
1.0, CNL¼1.0, CL¼0.3 EP for crust and liqueﬁed layers; rigid pile assumed
for underlain non-liqueﬁed layer
e D0¼1 m, L¼100 m, Spring: Ks¼nhx and β¼1.0 for entire ground
displacement proﬁle
naugh (1968).
Fig. 12. Comparison of maximum pile displacements from alternate EQWEAP
analysis solutions with ﬁeld observations and the prediction of Ishihara and
Cubrinovski (2004).
Fig. 13. Comparison of pile moments where the maximum bending moment
appeared for alternate solutions with the prediction of Ishihara and Cubrinovski
(2004).
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Fig. 14. Comparison of shears where the maximum shear appeared for
alternate solutions with the prediction of Ishihara and Cubrinovski (2004).
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Therefore, it seems that the presumptions of the solutions are
very signiﬁcant. The boundary conditions at the pile tip are
also important in such analyses. The forces of the ground
motions acting on the piles need careful simulation. Level
ground liquefaction and liquefaction-induced lateral spreading
at the gentle slope or in the water front should be treated
differently. Besides the site conditions, it is found that thecorrelations between the SPT blow counts and the modulus of
subgrade reaction and the lateral constraints of pile in the soils
underneath the liqueﬁed zone can inﬂuence the predictions.
Figs. 13 and 14 illustrate the moments and shears along the
pile recorded at the times when the maximum moment and the
maximum shear occurred. Again, the times of occurrence are
indicated in the ﬁgures. It can be observed that the pile damage
is dominated by bending moments. The locations of the largest
bending moments from these solutions are found to be similar
to the observations of Ishihara and Cubrinovski (2004). Layer
interfaces, with signiﬁcant contrasts in material stiffness, need
particular attention in the pile design.6. Concerns for applications
6.1. Concern 1: load transformation
To apply the EQWEAP analysis to more realistic cases, the
pile group loads distributed to a single pile must be analyzed.
For a bridge-pier pile foundation, the superstructural loads
transmitted through the pier on the pile cap can be analyzed in
the longitudinal and transverse directions. This analysis would
simplify the 3D structure to a 2D structure, and the calcula-
tions could be performed by a simple mechanical analysis.
The superstructural loads can be treated statically, as in the
conventional designs. By assuming that the cap moves rigidly,
the inertia forces of the pile cap and the horizontal net earth
pressure working beside the cap can be determined. Fig. 15
depicts the transmission of typical superstructure loads and the
cap loads to the piles. The horizontal soil resistance underneath
the cap is ignored. If a 3D calculation is preferred, the
suggestions of JRA (2002) or those proposed by Chang
et al. (2009) can be applied to determine the vertical and
horizontal loads acting on every single pile. The moments
applied to the piles are the same as the total moment. If a 2D
calculation is adopted, then simple equations from fundamental
mechanics are used to compute the loads.6.2. Concern 2: pile-to-pile interaction
Possible effects of the pile-to-pile interaction on the soil
impedance need to be considered. The pile-to-pile interaction
could reduce the soil impedance, and the interaction can be
calculated through the use of dynamic interaction factors
(Dobry and Gazetas, 1988). Table 5 depicts an example
obtained using the interaction factors for static loads. The soil
stiffness is reduced dramatically by assuming linear elasticity.
Based on the author's study (2009), the interaction effects
would be important for static loads and steady-state loads at
smaller frequencies. The interaction effects would become
moderate when piles are subjected to transient vibrations or
random ones with short durations. However, this observation is
only obtained for pile groups with a limited number of piles.
Caution should be taken when a building's pile foundation
is encountered. The inﬂuences of the soil nonlinearities
Fig. 15. Schematic plots for load transformations for pile foundation to single piles.
Table 5
Residual percentile of the soil stiffness affected by pile-to-pile interactions.
Orientation Center (%) Side longitudinal (%) Side transverse (%) Edge (%)
S/d¼4 where r¼60 cm and pile-to-pile spacing¼480 cm
2 2 53
3 3 22 31 30 39
4 4 13 24 24 32
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further attention. Proper control of the spacing-to-diameter
ratio will help to eliminate excessive interaction effects.6.3. Concern 3: load balance and foundation stiffness
With the EQWEAP analysis, equivalent foundation stiffness
Keq and the structural unbalance forces can be calculated
easily. For instance, if a bridge-pier pile-foundation system
were simpliﬁed, like the 2DOF structure shown in Fig. 16,
deﬁning Ki and Ci as the spring constants and the viscous
coefﬁcients of the ith sub-element in the structural system,
Eq. (14), could be done to compute the displacements of the
bridge and the pier, assuming that the foundation is rigid.
The superstructural loads transmitted to the foundation (rigid
base) would be K2u2þC2 _u2. This load can be applied to the
EQWEAP analysis to solve for foundation displacements uf.
Fig. 16. Schematic plots for simpliﬁed 2DOF and 3DOF systems for bridge-pier structures.
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328324The value of uf is then used to calculate the unbalanced force Q
of the transmitting load, as deﬁned in Eq. (15). Unbalanced
force Q will then be used to calibrate the foundation displace-
ment with its incremental Δuf. Thus, an iterative process can
then be conducted until the force is balanced and the actual
foundation displacements are obtained.
m1 0
0 m2
" #
€u1
€u2
" #
þ
C11 C12
C21 C22
" #
_u1
_u2
" #þ
K1 K1
K1 K1þK2
" #
u1
u2
" #
¼
P1
P2
" #
ð14Þ
½K2u2þC2 _u2½K2ðu2uf ÞþC2ð_u2 _uf Þ ¼ K2uf þC2 _uf ¼Q
ð15Þ
In the above equations, C11 ¼ α1m1þβ1K1, C22 ¼ α2m2þ
β1K1þβ2K2, and C12 ¼ β1K1 ¼ C21, where α and β are
D.-W. Chang et al. / Soils and Foundations 54 (2014) 313–328 325the parameters that can be simply calculated with the depen-
dence of the natural frequency and the material damping
ratio for the superstructure. By taking a 3DOF structural
system in which the 3rd element stands for the foundation,
and assuming that the pile cap is massless (see also Fig. 16),
Eq. (16) can be used to compute the equivalent stiffness for
foundation Keq.
K3 ¼
K2ðu2u3Þþβ2K2ð_u2 _u3Þ
u3þβ3 _u3
ð16Þ
Parameter β3 can be calculated with the presumed damping
ratio and natural frequency of the foundation. These calcula-
tions are also applicable when the foundation stiffness and
the corresponding loads are given. The equivalent stiffness of
the foundation should be carefully veriﬁed to ensure appro-
priate superstructural loads. This is important and very helpful
to the seismic design of pile foundations where the foundation
stiffness can be affected by the seismic ground motions.7. Conclusions
This paper has discussed solutions for the wave equation
analyses of the horizontal seismic responses of piles with
alternate modeling on soil liquefaction and lateral spreading.
The concluding remarks are summarized as follows:1. The free-ﬁeld ground responses can be applied directly to
the wave equation of a pile to analyze the pile displacement.
In such analyses, the soil springs and the dashpots need
careful calibrations.2. The soil parameter reduction coefﬁcient suggested by JRA
and the excess pore water pressure (EPWP) model can be
used to obtain the free-ﬁeld ground responses. The former
requires a liquefaction potential analysis of the site to ﬁnd
the post-liquefaction solution. The latter provides a more
rigorous solution that can reveal the details of the soil
behavior and the corresponding inﬂuence on the piles.3. A direct pseudo-seismic model is proposed using the ultimate
earth pressures form JRA, while the indirect pseudo-seismic
model is available based on the prescribed ground displace-
ment. A normalized time-dependent function of the ground
displacement is suggested for both models.4. From a case study on the 1995 Kobe Earthquake, it is found
that all the solutions can provide reasonable estimations of
the ﬁeld observations. The calibrations of the material
properties and the model parameters are necessarily impor-
tant to produce good solutions.5. Application of the EQWEAP analysis requires the prepro-
cessing of the superstructural loads. Proper calculations of
the loads on every single pile must be carried out prior to
the analysis.6. The effects of pile-to-pile interaction on soil impedance
and the seismic forces on the piles were ignored. The
nonlinearities of structural systems and the characteristics of
the earthquake motions would make the interaction less
important.7. A type of soil–structure interaction analysis is suggested to
seek the force balance between the load inputs from the
superstructure based on a rigid foundation and the actual
transmitting loads between the superstructure and an actual
ﬂexible foundation where the soil-foundation exerts relative
displacements. The procedure is suggested after the
EQWEAP solutions in case the prescribed input conditions
need to be veriﬁed (i.e., the loads acting on the pile head
and the equivalent foundation stiffness for the design
interest).8. The simple wave equation analysis can provide fast and
efﬁcient solutions in pile design practice where seismic
performance is of particular interest.Acknowledgments
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Eqs. (2), (4), and (6) each have ﬁve nodal displacements.
For nodes at the pile head and the pile tip, as well as their
adjacent nodes (see Fig. A1), the displacements at the virtual
nodes outside the pile must be replaced by the ones inside
the pile. The boundary conditions at the pile head can
be simpliﬁed as ﬁx and hinge connections. For a ﬁx connec-
tion, the shear force and the restraint at the head are as
follows:
∂3upðz; tÞ
∂z3
¼ Pt
EPIP
ðA:1Þ
∂u z; tð Þ
∂z
¼ 0 ðA:2Þ
where Pt is the horizontal force applied. If long pile conditions
are presumed, the moment and the shear will vanish at the tip.
Eqs. (A.3) and (A.4) can be obtained as follows:
∂2upðz; tÞ
∂z2
¼ 0 ðA:3Þ
i-2
i-1
i
i+1
i+2
i-2
i-1
i
i+1
i+2
i-2
i-1
i
i+1
i+2
i-2
i-1
i+1
i+2
i
Free-Head 
(Hinge connection)
Fix-Head
(Rigid connection)
Fig. A1. Order of nodal points at pile head and pile tip. (a) Nodal points at pile head, (b) Nodal points for adjacent node below pile head, (c) Nodal points at pile tip
and (d) Nodal points for adjacent node above pile tip.
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∂3upðz; tÞ
∂z3
þPo
∂upðz; tÞ
∂z
¼ 0 ðA:4Þ
With the above conditions, Eqs. (1), (3), and (5) must be
modiﬁed as follows for pile displacements at the pile head and
pile tip as well as at the adjacent nodes.Equations associated with Eq. (1)
Pile head
upði; jþ1Þ ¼
1
C1þC3
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2upðiþ2; jÞþð82C2Þupðiþ1; jÞ
ð62C12C2þC4Þupði; jÞðC1C3Þupði; jþ1Þ
þC3½usði; jþ1Þusði; j1ÞþC4usði; jÞþC7
0
B@
1
CA
ðA:5Þ
where C7 ¼ 2Δz3Pt=EPIP
Adjacent node below pile head
upði; jþ1Þ ¼ 1C1þC3

2upðiþ2; jÞþð4C2Þupðiþ1; jÞ
ð62C12C2þC4Þupði; jÞþð4C2Þupði1; jÞ
ðC1C3Þupði; j1ÞþC3½usði; jþ1Þusði; j1Þ
þC4usði; jÞþC7
0
BBBB@
1
CCCCA
ðA:6Þ
Pile tip
up i; jþ1ð Þ ¼ 1C1þC3

ð2C1þ2C2C42Þup i; jð Þþð42C2Þup i1; jð Þ
2up i2; jð ÞðC1C3Þup i; j1ð Þ
þC3½us i; jþ1ð Þus i; j1ð ÞþC4us i; jð Þ
0
B@
1
CA
ðA:7Þ
Adjacent node above pile tip
up i; jþ1ð Þ ¼
1
C1þC3

ð2C2Þup iþ1; jð Þð52C12C2þC4Þup i; jð Þ
þð4C2Þup i1; jð Þup i2; jð Þ
ðC1C3Þup i; j1ð Þ
þC3½us i; jþ1ð Þus i; j1ð ÞþC4us i; jð Þ
0
BBBB@
1
CCCCA
ðA:8Þ
Equations associated with Eq. (3)
Pile head
upði; jþ1Þ ¼
1
C1
2upðiþ2; jÞþð82C2ÞUupðiþ1; jÞ
þð2C1þ2C26ÞUupði; jÞ
þC7C1 Uupði; j1ÞþC3
0
B@
1
CA
ðA:9Þ
Adjacent node below pile head
up i; jþ1ð Þ ¼
1
C1
up iþ2; jð Þþ 4C2ð Þup iþ1; jð Þ
þð2C1þ2C27Þup i; jð Þ
þð4C2Þup i1; jð ÞC1up i; j1ð ÞþC3
0
B@
1
CA
ðA:10Þ
Pile tip
up i; jþ1ð Þ ¼
1
C1
ð2C1þ2C22Þup i; jð Þ
þð4þ2C2Þup i1; jð Þ
2up i2; jð ÞC1up i; j1ð ÞþC3
0
B@
1
CA
ðA:11ÞAdjacent node above pile tip
upði; jþ1Þ ¼
1
C1

ð2C2ÞUupðiþ1; jÞþð2C1þ2C25ÞUupði; jÞ
þð4C2ÞUupði1; jÞupði2; jÞ
C1 Uupði; j1ÞþC3
0
B@
1
CA
ðA:12Þ
Equations associated with Eq. (5)
Pile head
up i; jþ1ð Þ ¼
1
C1
up iþ2; jð Þþ 82C2ð Þup iþ1; jð Þ
þ 2C1þ2C2C66ð Þup i; jð Þ
þC7C1up i; j1ð ÞþC6f i; jð Þ
0
B@
1
CA
ðA:13Þ
Adjacent node below pile head
up i; jþ1ð Þ ¼ 1C1

up iþ2; jð Þþ 4C2ð Þup iþ1; jð Þ
þ 2C1þ2C2C67ð Þup i; jð Þ
þð4C2Þup i1; jð ÞC1up i; j1ð ÞþC6f i; jð Þ
0
B@
1
CA
ðA:14Þ
Pile tip
up i; jþ1ð Þ ¼
1
C1

2C1þ2C2C62ð Þup i; jð Þþ 42C2ð Þup i1; jð Þ
2up i2; jð ÞC1up i; j1ð ÞþC6f ði; jÞ
 !
ðA:15Þ
Adjacent node above pile tip
up i; jþ1ð Þ ¼ 1C1

2C2ð Þup iþ1; jð Þþ 2C1þ2C2C65ð Þup i; jð Þ
þ 4C2ð Þup i1; jð Þup i2; jð Þ
C1up i; j1ð ÞþC6f ði; jÞ
0
B@
1
CA
ðA:16Þ
Equations (A.5)–(A.8), (A.9)–(A.12), and (A.13)–(A.16) are
used with Eqs. (2), (4), and (6), respectively, for the EQWEAP
analysis.
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